Abstract. We prove that any K(n)-acyclic, H∞-ring spectrum is K(n + 1)-acyclic, affirming an old conjecture of Mark Hovey.
Our proof of Theorem 1.2 is by infinite descent: we use power operations to show that, if some power of u n lies in (p, u 1 , ..., u n−1 ), then so must some lower power. This is analogous to the technique featured in [MNN15] . i1 1 , ..., v in−1 n−1 ), as in [HS99, §4] . The spectrum X = R ∧ S/I is K(n)-acyclic by assumption, but also K(j)-acyclic for j < n. Since R is L n+1 -local, X is L n+1 -local, but L n X ≃ 0. By [HS99, 7 .10], L f n X ≃ 0. Also by [HS99, 7 .10], L f n (R ∧ S/I) ≃ R ∧ T (S/I), where T (S/I) is the telescope of a v n -self map on S/I.
On π 0 , the map R ∧ S/I → R ∧ T (S/I) inverts u n . Since the image of this map is null, it follows that some power of u n is 0 in π 0 (R ∧ S/I).
To finish the proof, I will show that any element in the kernel of π 0 R → π 0 (R ∧ S/I) is a member of the ideal (p, u 1 , ..., u n−1 ). Indeed, we can decompose this map as a composition For the moment assume Theorem 1.2, which the rest of the paper is devoted to proving. We will deduce Theorem 1.1 from this assumption.
Proof of Theorem 1.1. If R is any K(n)-acyclic, H ∞ -ring spectrum, then R ∧ E will be a K(n)-acyclic, H ∞ -E-algebra. By Lemma 2.2, some power of u n is in the ideal (p, u 1 , ..., u n−1 ) ⊆ π 0 (R ∧ E). The same fact must be true in π 0 L K(n+1) (R ∧ E). By Theorem 1.2, 1 is in the ideal
. It follows that, upon smashing L K(n+1) (R ∧ E) with any type (n+1)-Moore spectrum M , one obtains 0. In particular, L K(n+1) (R ∧ E) is acyclic with respect to the telescope of M , and hence K(n + 1)-acyclic. This implies that R ∧ E is K(n + 1)-acyclic. By Lemma 2.1, R is itself K(n + 1)-acyclic.
Corollary 1.1.1. Let R be a complex-orientable, H ∞ -ring spectrum that kills a finite complex. Then R has the Bousfield class of E(n) for some n.
Proof. This follows immediately from [Hov95, 1.11], which states that R has the Bousfield class of some wedge of Morava K-theories.
Power operations for H ∞ -E-algebras
Recall that, given any height n+1 formal group G 0 over Spec(F p ), there is a universal deformation
. By work of Goerss and Hopkins [GH04, GH05] , there is an associated E ∞ -ring spectrum E, a height n + 1 Morava E-theory. The coefficient ring
Let BC p denote the classifying space of the cyclic group with p-elements. As noted in [HKR00,
There is a stable transfer map Σ . The total power operation is a ring homomorphism
In [AHS04, §3] , the power operation is described in terms of the moduli problem associated to the ring
To summarize their work, the E 0 -algebra morphism E 0 → D specifies a formal group G source over Spf(D). There is an isogeny of formal groups G source → G target over Spf(D), and this latter formal group is specified by the ring homomorphism P : E 0 → D. The interested reader may consult [AHS04] or [Str97] to learn more. Now, suppose that x is an element of
giving an element in E 0 . Assembling this construction over all α gives an E 0 -module map
which is the cap product with the class x.
In the case that the transfer ideal is in the kernel of φ x , we obtain an additive operation
Suppose now that R is a homotopy commutative E-algebra, with associated homomorphisms
The combined structure ensures that, if ι(β) = 0 for some β ∈ E 0 , then ι( φ x (β)) = 0 as well.
An explicit formula for a reduced power operation
Here we remark that, with careful choice of coordinate, one can explicitly describe the total power operation P (modulo certain ideals). We follow [Str97, §15] to select a height n + 1 formal group law over F p and a coordinate on the resultant G E . The multiplication on G E is then presented by a formal group law F (x, y) ∈ E 0 [[x, y]] with properties outlined in the following proposition:
and so, modulo this ideal,
Proof. See also [Rez98, 5.7] . This is a simple induction on i, the statement being true when i = 0. For larger i, setting u n+1 = 1,
as desired.
Recall that the total power operation is a ring map
The ring homomorphism P classifies a formal group law F ′ on D.
The natural E 0 -algebra map E 0 → D classifies a second formal group law on D, which, by abuse of notation, we denote F .
Lemma 4.2. There is an equality of elements in
Proof. In the language of Section 3, we have a diagram of formal groups over Spf(D)
Applying global sections, we obtain a commuting diagram of E 0 -algebra homomorphisms
By [Str97, 7.13], both horizontal arrows send y to
Remark 4.3. As elements of D,
We denote their common value by Ψ.
Proposition 4.4. For 0 < k ≤ n,
Proof. Corollary 4.1.1 implies both of the following equations:
In particular, both of the equations hold modulo (p, u 1 , ..., u k−1 , P (u 1 ), ..., P (u k−1 ), x p k +1 ), which is also where we perform the following calculations:
On the other hand,
The result follows by Lemma 4.2.
In the remainder of this section, we attempt to reduce the complexity of the total power operation P : E 0 → D by modding out both the domain and codomain by (p, u 1 , u 2 , ..., u n−1 ). It is not possible to do this directly because P is not an E 0 -algebra map, and indeed we will need to mod out more of the codomain than just (p, u 1 , ..., u n−1 ). 
Proposition 4.5. In the ring
is a DVR with maximal ideal generated by a. We have that u n = (some unit)a p n+1 −p n + (terms of strictly higher valuation than u n ), and so u n must have valuation p n+1 − p n . To see that Ψ is not zero, recall that
and so can only be 0 if one of its factors is 0. However, for each 1 ≤ k < p, [k] F (a) = ka + ... has valuation 1. By Proposition 4.5, we may compose with a quotient homomorphism to obtain a reduced power operation
.
Proof. Since N is a ring homomorphism,
. The rest we prove by induction on i, assuming that N (u 1 ), ..., N (u i−1 ) are all zero. Since
By Corollary 4.5.1, N (u i ) = 0.
Corollary 4.6.1. The ring homomorphism N :
Proof. We have that
The result follows from Corollary 4.5.1.
A proof of Theorem 1.2
In the previous section, we learned that the total power operation P :
is a valuation ring. We define the weight wt(f ) of
such that wt(u n ) = 1 and wt(a) = 1 p n+1 −p n . In other words, wt(f ) is just a rescaling of the natural valuation of f by powers of the maximal ideal m = (a). We also use wt(f ) to refer to the u n -valuation of any
, and so for 0 < i < p this has weight 1 p n+1 −p n . By definition, Ψ is the product of all of these elements and the result follows. Proof. This follows from the facts that wt(u t n ) = t wt(u n ) and wt(f 1 + f 2 ) = wt(f 1 ) + wt(f 2 ) whenever wt(f 1 ) = wt(f 2 ).
Recall from the end of Section 3 that, for every element
We can tensor over E 0 with the module E 0 /(p, u 1 , u 2 , ..., u p−1 ) to obtain a module homomorphism
• The resultant additive operation
sends z to a power series of strictly smaller weight.
Proof. The operation x → φ x gives a map
) has weight less than wt(z). I claim that there is a choice of x which will induce an additive operation sending z to q, finishing the proof. Indeed, Proposition 4.5 implies that there is a unique x ∈ Hom E0−modules (E 0 (BC p ), E) sending a i to 1, sending all other a j for 0 ≤ j < p n+1 − p n to 0, and killing g(a), ag(a), a 2 g(a), · · · .
Theorem 1.2. Suppose R is a K(n + 1)-local, H ∞ -E-algebra such that, in π 0 R, some power of u n is in the ideal (p, u 1 , ..., u n−1 ). Then 1 is in the ideal (p, u 1 , ..., u n−1 ).
Proof.
The natural E 0 -algebra morphism ι : E 0 → π 0 R yields an E 0 -algebra morphism
] → π 0 R/(p, u 1 , u 2 , ..., u n−1 ).
By assumption, there is some non-zero z ∈ F p [[u n ]] that is sent to 0 by ι. Choose such a z of minimal weight ≥ 1. The previous proposition provides an additive operation E 0 → E 0 that sends z to a power seriesẑ of smaller weight. As explained at the end of Section 3, the H ∞ -structure ensures ι(ẑ) = 0. By the minimality of wt(z), it must be that wt(ẑ) = 0, soẑ is just a unit in F p . 
